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1. The Electrostatic Field

For this chapter the online Book 'University Physics II' is strongly recommended as reference.
In detail this is:

e Chapter 5. Electric Charges and Fields
e Chapter 6. Gauss's Law

e Chapter 7. Electrical Potential

e Chapter 8. Capacitance

From everyday life it is known that there are different charges and effects of charge. figure 1 shows a
chargable body, which can be charged via charge separation between the sole of the foot and the
floor. The movement of the foot creates a negative excess charge in the person, which is gradually
distributed throughout the body. If a pointed part of the body (e.qg. finger) is brought into the vicinity
of a charge reservoir without excess charges, a current can flow even through the air.

Fig. 1: John Tra-Voltage

In the first chapter of the last semester we had already considered the charge as the central quantity
of electricity and understood it as a multiple of the elementary charge. The mutual force action (the
Coulomb-force) was already derived there. This is to be explained now more near.

First, however, a differentiation of various terms:

1. Electricity describes as an umbrella term all phenomena of moving and resting charges.

2. Electrostatics describes the phenomena of charges at rest and thus of electric fields which do
not change in time. Thus, there is no time dependence of the electrical quantities.
Mathematically, ${{df}\over{dt} }=0%$ holds for any function of the electric quantities.

3. Electrodynamics describes the phenomena of moving charges. Thus electrodynamics includes
both electric fields that change with time and magnetic fields.
For the present state of the course, the simple explanantion shall be, that magnetic fields are
based on a current or on a charge movement.
In electrodynamics, it is no longer valid for every function of the electric quantities, that the
derivative is necessarily equal to zero.

At this chapter, only electrostatics are considered. The magnetic fields are therefore excluded here
for the time being. Also electrodynamics is not considered in this chapter and is introduced step by
step in the following chapters.
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1.1 Electric Field and Field Lines

Goals
After this lesson, you should:

know that an electric field is formed around a charge.
be able to sketch the field lines of electric fields.
be able to represent the field vectors in a sketch when given several charges.
be able to determine the resulting field vector by superimposing several field vectors
using vector calculus.
Be able to determine the force on a charge in an electrostatic field by applying
Coulomb's law. Specifically:
1. the force vector in coordinate representation
2. the magnitude of the force vector
3. the angle of the force vector

el

b

educational Task

The simulation in figure 2 was already briefly considered in the first chapter. Here, however,
another point is to be dealt with.

In the simulation, please position a negative charge $Q$ in the middle and deactivate electric
field. The latter is done via the hook on the right. Now the situation is close to reality, because
a charge shows no effect at first sight.

For impact analysis, a sample charge $g$ is placed in the vicinity of the existing charge $Q$
(in the simulation, the sample charge is called “sensors”). It is observed that the charge $Q$
causes a force on the sample charge. This force can be determined with magnitude and
direction at any point in space. The force acts in space in a similar way to gravity. The
description of the state in space changed by the charge $Q$ is defined with the help of a
field.

Fig. 2: setup for own experiments
Take a charge ($+1nC$) and position it.
Measure the field across a sample charge (a sensor).

The concept of a field shall now be briefly considered in a little more detail.

1. The introduction of the field separates the cause from the effect.
1. The charge $Q$ causes the field in space.
2. The charge $qg$ in space feels a force as an effect of the field.
3. This distinction becomes important again in this chapter.
Also in electrodynamics for high frequencies this distinction becomes clear: the field there
corresponds to photons, i.e. to a transmission of effects with the finite (light)speed $c$.
2. As with physical quantities, there are different-dimensional fields:
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1. In a scalar field, a single number is assigned to each point in space.
E.g.
1. temperature field $T(\vec{x})$ on the weather map or in an object
2. pressure field $p(\vec{x})$
2. In a vector field, each point in space is assigned several numbers in the form of a vector.
This reflects the action along the spatial coordinates.
For example.
1. gravitational field $\vec{g}(\vec{x})$ pointing to the center of mass of the object.
2. electric field $\vec{E}(\vec{x})$
3. magnetic field $\vec{H}(\vec{x})$
3. If each point in space is associated with a two- or more-dimensional physical quantity - that is, a
tensor - then this field is called a tensor field. Tensor fields are relevant in mechanics (e.qg.,
stress tensor) but are not necessary for electrical engineering.

Vector fields can be stated as:

1. Effects along spatial axes $x$,$y$ and $z$ (cartesian coordinate system).
2. Effect in magnitude and direction vector (polar coordinate system)

Note:

1. Fields describe a physical state of space.
2. Here, a physical quantity is assigned to each point in space.
3. The electrostatic field is described by a vector field.

The Electric Field

Thus, to determine the electric field, a measure of the magnitude and direction of the field is now
needed. From the first chapter of the last semester the Coulomb Force between two charges $Q_1$
and $Q 2% is known:

\begin{align*} F_ C = {{{1} \over {4\pi\cdot\varepsilon}} \cdot {{Q 1 \cdot Q 2} \over {r~2}}}
\end{align*}

In order to obtain a measure of the magnitude of the electric field, the force on a (fictitious) sample
charge $g$ is now considered.

\begin{align*} F_C &= {{{1} \over {4\pi\cdot\varepsilon}} \cdot {{Q_1 \cdot g} \over {r"2}}} \\ &=
\underbrace{{{1} \over {4\pi\cdot\varepsilon}} \cdot {{Q 1} \over {r~2}}} \text{=independent of
q} \cdot g \\ \end{align*}

The left part is therefore a measure of the magnitude of the field, i.e. independent of the size of the
sample charge $g$. The magnitude of the electric field is thus given by

$E = {{1} \over {4\pi\cdot\varepsilon}} \cdot {{Q 1} \over {r"~2}} \quad$ with
$[El={{[F1}\over{[q]}}=1 {{N}\over{As}}=1 {{N\cdot m}\over{As \cdot m}} = 1 {{V \cdot A \cdot
sHover{As \cdot m}} =1 {{VHover{m}}$
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The result is therefore \begin{align*} \boxed{F _C = E \cdot g} \end{align*}

Note:

1. The test charge $q$ is always considered to be positive (mnemonic: t = +). It is used
only as a thought experiment and has no retroactive effect on the sampled charge $Q$.
2. The sampled charge here is always a point charge.

Note:

A charge $Q$ generates an electric field $\vec{E}(Q)$ at a measuring point $P$. This electric
field is given by

1. the magnitude $|\vec{E}|=\Bigl| {{1} \over {4\pi\cdot\varepsilon}} \cdot {{Q 1} \over
{r~2}} \Bigl| $ and

2. the direction of the force $\vec{F_C}$ which a sample charge on the measurement point
$P$ experiences. This direction is given by the unit vector
$\vec{e_r}={{\vec{F_C}Hover{|F_C|}}$ in that direction.

Be arware, that in English courses and literature $\vec{E}$ is simply called eletric field and the
electric field strength is the magnitude $|\vec{E}|$. In German notation the elektische
Feldstarke refers to $\vec{E}$ (magnitude and direction) and the elektrische Feld denotes the
general presence of an electricstatic interaction (often without considering exact magnitude).

The direction of the electric field is switchable in figure 2 via the “Electric Field” option on the right.
The electric field can also be viewed again in this video.

Electric Field Lines

Electric field lines result as the (fictitious) path of a sample charge. Thus also electric field lines of
several charges can be determined. However, these also result from a superposition of the individual
effects - i.e. electric field - at a measuring point $P$.

The superposition is sketched in figure 3: Two charges $Q 1% and $Q_2$ act on the test charge $q$
with the forces $F_1$ and $F_2$. Depending on the positions, and charges the forces vary and also
the resulting force. The simulation also shows a single field line.

Fig. 3: examples of field lines

For a full picture of the field lines between charges, one has to start with a single charge. The in- and
outgoing lines on this charge are drawn in equidistance on the charge. This is also true for the
situation with multiple charges. However there, the lines are not necessarily run radialy anymore. The
test charge is influenced by all the single charges, and therefore the field lines can get bend.
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Fig. 4: examples of field lines
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In figure 5 the field lines are shown. The additional “equipotential lines” will be discussed later and
can be deactivated by clearing the checkmark Show Equipotentials. Try the following in the
simulation:

e Get accustomed to the simulation. You can...
o ... move the charges by drag and drop.
o ... add another Charge with Add » Add Point Charge.
o ... delete components with a right click onto it and delete
e Where is the density of the field lines higher?
e How does the field between two positive charges look like? How between two different charges?

Fig. 5: examples of field lines

Note:

1. The electrostatic field is a source field. This means there are sources and sinks.
2. From the field line diagrams, the following can be obtained:

1. Direction of the field ($\hat{=1}$ tangent to the field line).

2. Magnitude of the field ($\hat{=}$ number of field lines per unit area).
3. The magnitude of the field along a field line is usually not constant.

Note:
Field lines have the following properties:

» The electric field lines have a beginning (at a positive charge) and an end (at a negative
charge).

e The direction of the field lines represents the direction of a force onto a positive test
charge.

e There are no closed field lines in electrostatic fields. The reason for this can be explained
considering the energy of the moved particle (see later subchapters).

e Electric field lines cannot cut each other: This is based on the fact that the direction of
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the force at a cutting point would not be unique.
e The field lines are always perpendicular to conducting surfaces. This is also based on

energy considerations; more details later.
e The inside of a conducting component is always field free. Also this will be discussed in

the following.

Tasks

Task 1.1.1 simple task with charges

==

Task 1.1.5 Field lines
Sketch the field line plot for the charge configurations given in figure 6.
Note:

e The overlaid picture is requested.
e Make sure that it is a source field.

You can prove your result with the simulation figure 3.

Fig. 6: Task on field lines

(a) (b) ()
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1.2 Electric charge and Coulomb force (reloaded)

Goals
After this lesson, you should:

1. be able to determine the direction of the forces using given charges.
be able to represent the acting force vectors in a sketch.
be able to determine a force vector by superimposing several force vectors using vector
calculus.
4. be able to state the following quantities for a force vector:
1. Force vector in coordinate representation
2. magnitude of the force vector
3. Angle of the force vector

w N

The electric charge and Coulomb force has already been described in last semester. However, some
points are to be caught up here to it.

Direction of the Coulomb force and Superposition

In the case of the force, only the direction has been considered so far, e.g. direction towards the
sample charge. For future explanations it is important to include the cause-effect in the naming. This
is donw by giving the correct labeling the subsript of the force. In figure 7 (a) and (b) the convention
is shown: A force $\vec{F} {21}$ acts on charge $Q_2$ and is caused by charge $Q 1$. As a
mnemonic you can remember “tip-to-tail” (first the effect, then the cause).

Furthermore, several forces on a charge can be superimposed to a resulting force.

Strictly speaking, it must hold that $\varepsilon$ is constant in the structure. For example, the
resultant force in figure 7 Fig. (c) on $Q_3$ becomes equal to: $\vec{F 3}=

\vec{F {31}}+\vec{F {32}}$.

Fig. 7: direction of coulomb force

)

f Q1 -o & Fl];- F:H 4 E;; Q

g+ | e + g @ HQ ™
(a) (b) (c)
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Geometric Distribution of Charges
In previous chapters only single charges (e.g. $Q_1%, $Q_2$) were considered.

* The charge $Q$ was previously reduced to a point charge.
This can be used, for example, for the elementary charge or for extended charged objects from
a large distance. The distance is sufficiently large if the ratio between the largest object extent
and the distance to the measurement point $P$ is small.

e If the charges are lined up along a line, this is called a line charge.
Examples of this are a straight trace on a circuit board or a piece of wire. Furthermore, this also
applies to an extended charged object, which has exactly an extension that is no longer small in
relation to the distance. For this purpose, the charge $Q$ is considered to be distributed over
the line. Thus, a (line) charge density $\rho |$ can be determined:

$\rho_| = {{Q}\over{l}}$
or, in the case of different charge densities on subsections:

$\rho_| = {{\Delta Q}\over{\Delta I}} \rightarrow \rho_I(l)={{d}\over{dI}} Q(I)$

e |t is spoken of an area charge when the charge distributed over an area.
Examples of this are the floor or a plate of a capacitor. Again, an extended charged object can
be considered if there are two extensions which are no longer small in relation to the distance
(e.g. surface of the earth). Again, a (surface) charge density $\rho_A$ can be determined:

$\rho_A = {{Q}I\over{A}}$
or if there are different charge densities on partial surfaces:

$\rho_A = {{\Delta Q}\over{\Delta A}} \rightarrow \rho A(A) ={{d}\over{dA}}
Q(A)={{d}Hover{dx}}{{dHover{dy}} Q(A)$

* Finally, a space charge is the term for charges that span a volume.
Here examples are plasmas or charges in extended objects (e.g. the doped volumes in a
semiconductor). As with the other charge distributions, a (space) charge density $\rho V$ can
be calculated here:

$\rho_V = {{QHover{V}}$
or for different charge density in partial volumes:

$\rho_V = {{\Delta Q}\over{\Delta V}} \rightarrow \rho_V(V) ={{d}\over{dV}}
Q(V)={{d}over{dx}}{{d}over{dy}}{{dHover{dz}} Q(V)$

In the following, area charges and their interactions will be considered.
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Fig. 8: Field lines of various extended charged objects

==

Types of Fields depending on the Charge Distribution

There are two different types of fields:

In homogeneous fields, magnitude and For inhomogeneous fields, the magnitude
direction are constant throughout the field and/or direction of the electic field changes from
range. This field form is idealized to exist within place to place. This is the rule in real systems,
plate capacitors. e.g., in the plate capacitor even the field of a point charge is

(figure 9), or in the vicinity of widely extended inhomogeneous (figure 10).

bodies.

Fig. 10: Field lines of an inhomogeneous field
Fig. 9: Field lines of a homogeneous field E

E

Tasks

Task 1.2.1 Multiple Forces on a Charge | (exam task, ca 8% of a 60-minute exam, WS2020)
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$$Q_2$%
)
)
$$Q_1$%
O

$$0 0%$ $$0 3%$

Given is the arrangement of electric charges in the picture on the right.
The following force effects result:

$F {01}=-5 ~\rm{N}$

$F_{02}=-6 ~\rm{N}$

$F {03}=+3 ~\rm{N}$

Calculate the magnitude of the resulting force.

Tips for the Solution
e How have the forces be prepared, to add them correctly?

Solution

\begin{align*} F_0 &= |\vec{F _0}| \quad \quad \text{ with } \vec{F 0} = \left(
\begin{matrix}{F_{x,0}}\\ {F_{y,0}} \end{matrix} \right) = \left( \begin{matrix}
\sum\limits_{n} F_{x,0n} \\ \sum\limits_{n} F_{y,0n} \end{matrix} \right) \\ F_0 &= \sqrt{
\left(\sum\limits_{n} F_{x,0n} \right)~2 + \left(\sum\limits_{n} F_{y,0n} \right)~2 } \\
\end{align*}

The forces have to be resolved into coordinates. Here, it is recommended to use an
orthogonal coordinate system ($x$ and $y$).

The coordinate system shall be in such a way, that the origin lies in $Q_0%, the x-axis is
directed towards $Q 3% and the y-axis is orthogonal to it.

For the resolution of the coordinates, it is necessary to get the angles $\alpha_{0n}$ of the
forces with respect to the x-axis.
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In the chosen coordinate system this leads to: $\alpha_{0n} = \arctan(\frac{\Delta y} {\Delta
x})$

$\alpha_{01} = \arctan(\frac{3}{1})= 1.249 = 71.6°$

$\alpha_{02} =\arctan(\frac{4}{3})= 0.927 = 53.1°%

$\alpha {03} =\arctan(\frac{0}{3})= 0= 0°$

Consequently, the resolved forces are:

\begin{align*} F_{x,0} &=F {x,01} + F_{x,02} + F_{x,03} && | \quad \text{with } F_{x,0n}
= F _{0n} \cdot \cos(\alpha_{On}) \ F_{x,0} &= (-5~\rm{N}) \cdot \cos(71.6°) + (-6~\rm{N})
\cdot \cos(53.1°) + (+3~\rm{N}) \cdot \cos(0°) \ F_{x,0} &= -9.54 ~\rm{N} \\\ F_{y,0} &=
F {y,01} + F_{y,02} + F_{y,03} && | \quad \text{with } F_{y,0n} = F_{On} \cdot
\sin(\alpha_{0n}) \ F_{y,0} &= (-5~\rm{N}) \cdot \sin(71.6°) + (-6~\rm{N}) \cdot \sin(53.1°)
+ (+3~\rm{N}) \cdot \sin(0°) \\ F_{y,0} &= -2.18 ~\rm{N} \\ \\ \end{align*}

Result

\begin{align*} F_ 0 &= \sqrt{ (-9.54 ~\rm{N})"~2 + (-2.18 ~\rm{N})"2} = 9.79 ~\rm{N}
\rightarrow 9.8 ~\rm{N} \\ \end{align*}

Task 1.2.2 Variation: Multiple Forces on a Charge Il (exam task, ca 8% of a 60 minute
exam, WS2020)

$50_15$
$$Q_25$

/

$5Q_35$

(O
$$0 0$$

Given is the arrangement of electric charges in the picture on the right.
The following force effects result:
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$F_{01}=-5 ~\rm{N}$
$F_{02}=-6 ~\rm{N}$
$F_{03}=+3 ~\rm{N}$

Calculate the magnitude of the resulting force.
Result

\begin{align*} |F_ 0| &= \sqrt{ (-0.418 ~\rm{N})"~2 + (-9.264 ~\rm{N})~2 } = 9.274
~\rm{N} \rightarrow 9.3 ~\rm{N} \\ \end{align*}

Task 1.2.3 Variation: Multiple Forces on a Charge Il (exam task, ca 8% of a 60 minute
exam, WS2020)

ﬁ072$$
$$Q_15$
)

N

$$Q_35$

(%
$$0 0$$

Given is the arrangement of electric charges in the picture on the right.
The following force effects result:

$F {01}=4+2 ~\rm{N}$

$F_{02}=-3 ~\rm{N}$

$F {03}=+4 ~\rm{N}$

Calculate the magnitude of the resulting force.
Result

\begin{align*} |F 0| &= \sqrt{ (2.12 ~\rm{N})"~2 + (0.38 ~\rm{N})~2 } = 2.16 ~\rm{N}
\rightarrow 2.2 ~\rm{N}\\ \end{align*}
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Task 1.2.4 Superposition of Charges in 1D

==

1.3 Work and Potential

Goals

After this lesson, you should:

1.
2.

o s w

know how work is defined in the electrostatic field.

be able to describe when work has to be performed and when it does not in the situation
of a moving .

know the definition of electric voltage and be able to calculate it in an electric field.
understand why the calculation of voltage is independent of displacement.

. know what a potential difference is and recognise or be able to state equipotential

surfaces (lines).
be able to determine a potential curve for a given arrangement.

In the following, only a few brief illustrations of the concepts are given.
A detailed explanation can be found in the online Book 'University Physics II'. It is
recommended to work through this independently.

In particular, this applies to:

e Chapter “7. electric potential”

Energy required to Displace a Charge in the electic Field

First, the situation of a charge in a homogeneous electric field shall be considered. As we have seen
so far, the magnitude of $E$ is constant and the field lines are parallel. Now a positive charge $q$ is
to be brought into this field.

If this charge would be free movable (e.qg. electron in vacuum or in extended conductor) it would be
accelerated along field lines. Thus its kinetic energy increases. Because the whole system of plates
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(for field generation) and charge however does not change its energetic state - thermodynamically
the system is closed. From this follows: if the kinetic energy increases, the potential energy must
decrease.

Fig. 11: Observation of work in a homogeneous electric field L ||

It is known from mechanics, that the work done (thus energy needed) is defined by force one needs to
move along a path.

In a homogeneous field, the following holds for a force producing motion along a field line from $A$ to
$B$ (see figure 11): \begin{align*} W_{AB} = F_C\cdot s \end{align*}

For a motion perpendicular to the field lines (i.e. from $A$ to $C$) no work is needed - so
$W_{AC}=0$ results - because the formula above is only true for $F_C$ parallel to $s$. The motion
perpendicular to the field lines is similar to the movement of a weight in the gravitational field at the
same height. Or more illustrative: It is similar to walk at the same floor of a house. There, too, no
energy is released or absorbed with regard to the field. For any direction through the field the part of
the path has to be considered, which is parallel to the field lines. This results from the angle $\alpha$
between $\vec{F}$ and $\vec{s}$: \begin{align*} W _{AB} = F_C \cdot s \cdot cos(\alpha) =
\vec{F_C}\cdot \vec{s} \end{align*}

The work $W_{AB}$ here describes the energy difference experienced by the charge $g$.

Similar to the electric field, we now look for a quantity that is independent of the (sample) charge $q$
in order to describe the energy component. This is done by the voltage $U$. The voltage of a
movement from $A$ to $B$ in a homogeneous field is defined as:

\begin{align} U_{AB} = {{W_{AB}}\over{q}} = {{F_C\cdot s}\over{q}} = {{E \cdot g \cdot
sHover{q}} = E\cdot s {AB} \end{align}

Note:

1. The voltage $U _{AB}$ represents the work $W$ per charge needed to move a probe
charge from point $A$ to point {B} in an $E$-field.
2. The voltage is measured in Volts: $[U] = 1V$

To obtain a general approach to inhomogeneous fields and arbitrary paths $s {AB}$, it helps (as is so
often the case) to decompose the problem into small parts. In the concrete case, these are small path
segments on which the field can be assumed to be homogeneous. These are to be assumed to be
infinitesimally small in the extreme case (i.e., from $s$ to $\Delta s$ to $ds$):
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\begin{align} W_{AB} = \vec{F_C}\cdot \vec{s} \quad \rightarrow \quad \Delta W = \vec{F_C}\cdot
\Delta \vec{s}\quad \rightarrow \quad dW = \vec{F_C}\cdot d \vec{s} \end{align}

The total energy now results from the sum or integration of these path sections:

\begin{align*} W_{AB} &= \int {W_A}"~{W B} dW\ &= \int {A}"~{B} \vec{F_C}\cdot d \vec{s} \\
&=\int_{A}~{B} q\cdot \vec{E} \cdot d \vec{s} \\ &= q \cdot \int {A}"~{B} \vec{E} \cdot d \vec{s}
\end{align*}

The voltage is therewith:

\begin{align*} U_{AB} &= {{W_{AB}}\over{q}} &=\int {A}"~{B} \vec{E} \cdot d \vec{s}
\end{align*}

Interestingly, it does not matter which way the integration takes place. So, it doesn't matter how the
charge gets from $A$ to $B$: the energy needed and the voltage is always the same. This follows
from the fact that a charge $g$ at a point $A$ in the field has a unique potential energy. No matter
how this charge is moved to a point $B$ and back again: as soon as it gets back to the point $A$, it
has the same energy again. So the voltage of the way there and back must be equal in magnitude.

5]

""""""""

Fig. 12: different Pathes in a field | ||

This independency of the taken path leads for the closed path in figure 12 from $A$ to $B$ and back
to:

\begin{align*} \sum W &= W_{AB} &+ W_{BA} \\ &= q \cdot U_{AB} &+ q\cdot U_{BA} \\ &= q
\cdot (U _{AB} + U {BA} ) = 0 \end{align*}

Therefore:

\begin{align*} U {AB} + U {BA} &= 0\\\int {A}"~{B} \vec{E} \cdot d \vec{s} + \int {B}"~{A}
\vec{E} \cdot d \vec{s} &= 0 \\\rightarrow \boxed{ \oint \vec{E} \cdot d \vec{s} = 0} \end{align*}

This concept has already been applied as Kirchhoff's voltage law (mesh theorem) in circuits (see
prevoius semester). However, it is also valid in other structures and arbitrary electrostatic fields.

Note:

1. Returning to the starting point from any point $A$ after a closed circuit, the circuit
voltage along the closed path is 0.
A closed path is mathematically expressed as a ring integral: \begin{align} U = \oint
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\vec{E} \cdot d \vec{s} = 0 \end{align}
2. Or spoken differently: In the electrostatic field there are no self-contained field lines.
3. Afield $\vec{X}$ which satisfies the condition $\oint \vec{X} \cdot d \vec{s}=09$ is
called vortex-free or potential field.
From the potential difference, or the voltage, the work in the electrostatic field results
with: \begin{align*} \boxed{W_{AB}= g \cdot U {AB}} \end{align*}

Equipotential Lines

In the previous subchapter the term voltage got a more general meaning. This shall be now applied to
investigate the electic field a bit more. Once a charge $g$ moves perpendicular to the field lines, it
experiences neither energy gain nor loss. The voltage along this path is $0V$. All points where the
voltage of $0V$ is applied are at the same potential level. The connection of these points is called:

e equipotential lines for a 2-dimensional representation of the field.
e equipotential surfaces for a 3-dimensional field

This corresponds in the gravity field to a movement on the same contour line. The contour lines are
often drawn in (hiking) maps, cf. figure 13. If one moves along the contour lines, no work is done.

In figure 14, the equipotential lines of a point charge are shown.

e The equipotential surfaces are drawn with a fixed step size, e.g. $1V$, $2V$, $3Vs, ... .

e Since the electric field is higher near charges, equipotential surfaces are also closer together
there.

e The angle between the field vectors (and therefore the field lines) and the equipotential lines is
always 90°

Fig. 14: examples for equipotential lines
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Electric Potential

So up to now, the voltage was investigated and also equipotential areas were found. But what is this
potential anyway? Since the voltage is independence of path, one can conclude that the path integral
can always be expressed as the difference of two scalar values:

\begin{align*} U {AB} &= \int {A}"~{B} \vec{E} \cdot d \vec{s} \\ &= \varphi_A - \varphi_B
\end{align*}

T

Fig. 15: electric Potential

Here, the electric potential $\varphi$ is introduced as the scalar local function of the electric field
(see figure 15). This means: any point in space can either be connected to the two-dimensional value
$\vec{E}$ or the one-dimensional value $\varphi$. Both fully and equally represent the electrostatic
field.

Similar to the the reference or ground level for the altitude in the gravitational field, the reference or
ground potential can be chosen arbitrarily for a single task. Often the ground potential $\varphi_G$
is chosen to be located at infinity (see figure 16). In this case, the potential at the point $A$ can be
calculated as following:

Fig. 16: electric Potential at Infinity

\begin{align*} U {AB} &= \int_ {A}"~{B} \vec{E} \cdot d \vec{s} &= \varphi_A - \varphi_B\\
\rightarrow U_{AZ} &= \int_ {A}"~{Z} \vec{E} \cdot d \vec{s} &= \varphi A -
\underbrace{\varphi_zZ} \text{=0} \\\\ \rightarrow \varphi_A &= \int_{A}~{\infty} \vec{E} \cdot d
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\vec{s} \end{align*}

Alternatively, also the potential $\varphi_B$ could be considered as ground potential. This would lead
to the following potentials for $\varphi_A$ and $\varphi_C$:

\begin{align*} \varphi_A &= \varphi_A - \underbrace{\varphi B} \text{=0} \\ &= \int {A}"~{B}
\vec{E} \cdot d \vec{s} \end{align*}

\begin{align*} \varphi_C &= \varphi_C - \underbrace{\varphi B} \text{=0} \\ &= \int {C}"~{B}
\vec{E} \cdot d \vec{s} \\ &= -\int_{B}"~{C} \vec{E} \cdot d \vec{s} \\ \end{align*}

For a positive charge the potential nearby the charge is positive and increasing, the closer one gets
(see figure 17).

Fig. 17: example for equipotential lines

Application of the electic Potential

The equation $U_{AB} =\int {A}"~{B} \vec{E} \cdot d \vec{s}$ can be used and applied
depending on the geometry present. As an example, consider the situation of a charge moving
from one electrode to another inside a capacitor:

\begin{align*} U_{AB} &= \int_{A}"~{B} \vec{E} \cdot d \vec{s} \quad && | \vec{E} \text{
and } d\vec{s} \text{ run parallel } \ U _{AB} &= \int_ {A}~{B} E \cdot ds \quad && |
\text{E=const.} \U_{AB} &= E \cdot \int {0}~ {d} ds\quad && | s \text{ starts at the
negative plate. } d \text{ denotes the distance between the two plates }\\ U &= E \cdot d
\quad && | U_{AB} \text{ corresponds to the voltage applied to the capacitor } U \\
\end{align*}

tasks

1.4 Conductors in the Electrostatic Field

Goals
After this lesson, you should:

know that no current flows in a conductor in an electrostatic field.

know how charges in a conductor are distributed in the electrostatic field.

Be able to sketch the field lines at the surface of the conductor.

Understand the effect of the electrostatic induction of an external electric field.

Hwnh
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Up to now, charges were considered which were either rigid and not freely movable. At the following,
charges at an electric conductor are investigated. These charges are only free to move within the
conductor. At first an ideal conductor without resistance is considered.

Stationary Situation of a charged Object without external Field

In the first thought experiment, a conductor (e.g. a metal plate) is charged, see figure 18. The
additional charges create an electric field. Thus, a resultant force acts on each charge. The cause of
this force are the electric fields of the surrounding electric charges. So the charges repel and move
apart.

Fig. 18: Viewing a charged metal ball
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The movement of the charge continues until a force equilibrium is reached. In this steady state, there
is no longer a resultant force acting on the single charge. In figure 18 this can be seen on the right:
the repulsive forces of the charges are counteracted by the attractive forces of the atomic shells.
Results:

e The charge carriers are distributed on the surface.

¢ Due to the dispersion of the charges, the interior of the conductor is free of fields.

 All field lines are perpendicular to the surface. Because: if they were not, there would be a
tangential component of the field, i.e. along the surface. Thus a force would act on charge
carriers and they would move accordingly.

Educational Task - Why is there a discharge at pointy ends of conductors?

Point discharge is a well-known phenomenon, which can be seen as corona discharge on
power lines (where ist also creates the summing sound) or is used in spark plugs. The
phenomenon addresses the effect, that there are much more charges at the corners and
edges of a conductor. But why is that so? For this, it is feasible to try to calculate the charge
density at different spots of a conductor.

Fig. 19: field of a pointy object

Fig. 20: examples for a arbitrarily formed conductor
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In the figure 20 an example for a “pointy” conductor is given in image (a). The surface of the
conductor is always at the same potential. In order to cope with this complex shape and the
wanted charge density, the following path shall be taken:

1. Itis good to first calculate the potential field of a point charge.

For this calculate $U_{AB} =\int_{C}"~{G} \vec{E} \cdot d \vec{s}$ with $\vec{E}
={{1} \over {4\pi\cdot\va