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Exam Summer Semester 2024

Additional permitted Aids

e non-programmable calculator,
e formulary (4 one-sided DIN A4 pages)

Hits

e The duration of the exam is 120 min.

e Attempts to cheat will lead to exclusion and failure of the exam.

e Withdrawal is no longer possible after these exam has been handed out.

» Please write down intermediate calculations and results on the assignment sheet. (when more
space is needed also on the reverse side. In this case: Mark it clearly).

¢ Always use units in the calculation.

¢ Use a document-proof, non-red pen.

Tasks

Exercise E1 Electrostatics |
(written test, approx. 8 % of a 120-minute written test, $52024)

Bi\Riha t e tbeenaprpetineit-of Bie aessbbdndesdbet eqa ahaedeetav4 T roenehade 08 thenpagenous
Bﬁﬁt@ﬁs’s&r_@l& Which value needs $E_4$ to have to get a resulting force of $0 ~\rm N$ on
$q_0$?
Pathe $q 0=-1 ~\rm nC$
e $q_1=-5 ~\rm nC$
at&Eﬁ-%ﬁ?@c %k {01} —%Z E {r\%é?gl}r%farray}{cccc} +917 {~\rm \mu N} \\ 0 \\
n tWIﬁEQYﬁW'XEéWGWEHmm[D$QM%(We\¢Bmn:@j;:ulate the resulting magnitude of the
“hefpeetittREA SRR grattitinaBRaMTarEPLRCEcE 4884 (st Y N I\ O\iin As/vms
\begin\eA ay: }\Végt{?fg &= \sqrt{\left( \sum_i F_{i,x} \right)"~2 + \left( \sum_i
In thre PiompEEnpi0R ekl i e agsac onapb e e R OnG £\ oM g i\ hL23 H{ ~\rm
tiryes) s A ditien doaupygiehete i thig ferce $\Wwek£Fis601 ) ¢ fromSarké \anusayas:
\bﬁgi{b{]ﬁjiﬂl’(}*} [\vec{F} {01}| &= |E_4|\cdot |q_O| \\ \rightarrow E 4 &=
{{|\vec{F} _{01}|}over{|g 0]}} \\ &= {{917.\;\l.\'.\! \cdot 10"~ {-6} {~\rm
N} Hover{1 \cdot 10" {-9} ~\rm C }} \\ &= 917.\;\l.\l.\l \cdot 10~ {3} {{\rm
NHover{\rm C}} \\ &= 917.\;.\'\!\! \cdot 10"~ {3}{{\rm VAs/m}\over{\rm As}} \\ &=
917.\; \'\l.\!'\cdot 10" {3} {{\rm V}\over{\rm m}} \\ \end{align*}
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. Calculate the single forces $\vec{F} {01}$, $\vec{F} {02}$, $\vec{F} {03}$, on the

charge $q_0%$!

Path

First, set up a coordinate system. Here, | choose x pointing to the right (positive values
to the right) and y pointing upwards (positive values upwards).

Then, calculate the magnitude of the forces, like $\vec{F} {01}$ (force on q_0 from
q_1).

The force $\vec{F} {01}$ is purely on the $x$-axis and therefore equal to

$F {01,x}$. \begin{align*} \vec{F} {01} =F {01,x} &=
{{1}\over{4\pi\varepsilon}}\cdot {{qg_1\cdot g OY\over{r~2 {01}}}\\ &=
{{1}\over{4\pi\cdot 8.854 \cdot 10" {-12} ~\rm As/Vm}}\cdot {{1 \cdot 10" {-9}
~\rm C \cdot 5 \cdot 10™{-9} ~\rm CHover{(7 \cdot 10"~ {-3} ~\rm m)"2}} \\ &=
917.\; \'\'\!'\cdot 107 {-6} {\rm {{(As)"™2 \cdot Vm}\over{As \cdot m™2}}} =
917.\;\'\!\!'\cdot 10"~ {-6} {\rm {{VAs}over{m}}} = 917.\;.\!.\!.\! \cdot 10" {-6}
{\rm {{WsHover{m}}} \\ &= +917.\;.\l.\L.\! {\rm \mu N} \end{align*} Since both
$9_0% and $q_1$ have the same sign for their charges, they are repelling each other.
Therefore, The force $\vec{F} {01}$ points to the right (positive value).

Similarly, we get for $\vec{F} {02}$ and $\vec{F} {03}$ \begin{align*}

\vec{F} {02} =F {02,x} &=-1997.\;\'\'\! {\rm \mu N} \\\vec{F} {03} =F {03,y}
&= -1123.\; \LALA! {\rm \mu N} \\ \end{align*} Since $q_0$ and $q_2$ have the
different sign for their charges, they are attract each other. Therefore, The force
$\vec{F} _{02}$ points to the left (negative value).

Since $g_0% and $g_3$ have the different sign for their charges, they are attract each
other. Therefore, The force $\vec{F} {03}$ points downwards (negative value).
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Exercise E1 Electrostatics Il
(written test, approx. 10 % of a 120-minute written test, S52024)

You must analyze an aluminum profile for usage in an environment critical for electrostatic
discharge.

The figure on the right shows the cross-section of the aluminum element (hatched). During
the application, it might get charged up. All areas in white consist of air (= dielectric).

Six designated areas are shown by dashed frames and numbers n, which are partly inside the
object.

Arrange the designated areas clearly according to ascending field strengths $|\vec{E} n|$
(absolute magnitude)! Indicate also, if designated areas have quantitatively the same field
strength.

Result

$|E_1|=|E_2|=0 < |[E 5| < |E_6] < |E_4| <|E_3|$
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Exercise E3 Capacitor
(written test, approx. 12 % of a 120-minute written test, S52024)

B akaipheittos qhtempek

R§&YEIddsappked.

The contaminant has $\varepsilon_{\rm r,c}>\varepsilon_{\rm r,air}$, while the distance
Bém/@bn the plates remains thegdame. Give a generalized formula

1&“? =f(A E X,\varepsilon {{)E’tm r,c x\ arepsilon_{\rm r,air})$.
$Q = Pty 4 -O(h \erre of/gnim a3 P&dot \varepsilon_{\rmr, c} Hover{

dot{\varepsilon R‘Qm-rmt}\b} + {x\cdot{ \varepsilon_{\rmr, air}}} }}$
’atﬂhe\e are‘w Ways nOV\| Elth{r \Kg&allgn*} Q &= C\cdot U = 1.1 ~\rm pF \cdot

3.37° .. ~pg\\'\end r: \begin{align*} Q &= D \cdot A = 146 \cdot
Ibe{isr}laﬁﬂ @t}ﬁt% rawgr}lﬁchbtqglwlﬁnIM{&ﬁ \Warepsiop gsparepsion r E \\
Seridyarigpsilon| 0 \varepsilon_r {{UHove[{d}} \\ &= 8.854 \cdot 10™{-12} ~\rm
HEA/FaGRATGLspatiy 3G fis Kol \at sbveste i ZQft \e e 9T1 O\ Frir Bir Ys-Hivd G Firh cs.
Renrgdépdignibein{align1} C = {{1}\overf| {{1}\over{C {\rm air} }} + {{1}\over{
C_{\r| C}}} X \end{allgn*} ||

With \begin{align*} C_{irm alr} &= \yargpsilon_0 \varepsilon_{\rmr, air}
AY\over{d-» varepsilon_{\rmr, air}}\over{d-x}} \\
rmr, c} {{AHover{x}} &&= \varepsilon_0 A

{{\varepsnon {\rmr, c} }\over{x}} \\ \end{allgn*}

N they follyHE 9 PR G SEARERHS T\eWidpsilon 0 A {{1}\over{ {{d-
réover{\varepsnon {\rm r, air} E} + {{x}\over{ \varepsilon {\rmr, c}}} }}

=25 ~\rm mm
. Dlstancﬁetween both plates: $d=200 ~\rm \mu m$
 Air between the plates: $\varepsilon_{\rm r,air}=1$%
e Supply voltage: $3.3 ~\rm V$
e Boundary effects on the end of the layers shall be ignored in the following calculations.
$\varepsilon_{0} =8.854 \cdot 10" {-12} ~\rm F/m $

1. Calculate the capacity $C$.

Path

\begin{align*} C &= \varepsilon_0 \varepsilon_r {{A}\over{d}} \\ &= 8.854 \cdot
10" {-12} ~\rm As/Vm \cdot 1 \cdot {{25 \cdot 10~ {-6} {~\rm m} }\over{200 \cdot
107~ {-6} {~\rm m} }} \end{align*}

Exercise E4 Magnetic Field Lines
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(written test, approx. 6 % of a 120-minute written test, S52024)

ThBikdlmsihguehepmhatldregivveagnet affects the H-field, based on the fundamental

definition of the H-field.
e Four conductors are located perpendicular to the plane of the diagram

ResultAll of them conduct a current with the same magnitude, but not in the same direction.
e A permanent magnet is located in between the conductors.

e The H-field is defined ents $\sum | =\int H {\rm d}s$ .

 In the permanent magket, ¥here are no free currents.

e The bound currents (of the permanent magnet) create also an H field.

e This exits on the north pole and enters the magnet on the south pole (similar to
the B-field)

e $H = BAmu$

e The H-field from task 1 gets distracted

..D st 10 field lines of the H-field
Jua , and density for the shown
Ires

les
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Exercise E6 Fields of an coax Cable
(written test, approx. 12 % of a 120-minute written test, S52024)

3. Jth tHegraphiofribecmedakindéent s i i nith foavif At . GRreintia ¢:Q.Gr<non] § thehamds-
BesHER0GH araod s Béesiith (6 erigm jn0Yseiremi=d gt disecaipeDdirtertsiers vz
labd|sher fdidiagrainlation appears:

’athe |nner conductor: $+3.3 ~\rm mA$, $+10 ~\rm nC$ (current into the plane of the
dath d|a

) Ou’r Brté‘?’%”i”% LQ)% rﬁﬂ‘%{\m} I}\rmqu%% (ruMg}]PWofzﬁm plane of diagram)
. or 0.55 ~\rm mm| 0)$ : $B {\rm o} = 6.985

The magnltude of the electric displacement field $D$ can be caIcuIated by: $\int D
\rmd}A = Q$
i.erc 1%1 agnetal. the sAd:feld is. propartional to $4{ L Hover{rb 14 far the situation

y LIIT IUUIIUIIIH uircau LIiIc outli

cyllndHSSW?r‘?Qpléo(ﬁhe?grnggm&|C|ty without the round endmg{@; h
Th.sﬂéﬁﬁéﬁﬁmw@% nfoER kR foveEORESH

within a circle with the radlus $x$
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\cdot This\is@mdiatigori3! fo theiarea yithin this radius. Therefpre, Ther formula $H =
-1--—{{I}\over{2 \pi\cdot r}} 4

I S?meﬂ@ \RIT0. S BRI sa1a Sl bopbRiBNdI:d 3xs
v~ FOIBXS WithjgBEAHET conductor one alSBRMnear proportiondlity with a

” f/ o
rm i} &= {{Q Noy s
: Pover{2 \pi \cdot { Of1 \edot TO{-3F=rm

D {\rm _a'/( {{Q Hover{2 \pi\cdot [_{\rmio} \cdot I} } \\ &
\pt fcdotf 0.55; \cdot TO~{{3F=\m m}fcdot 0.5 =Arn T

' similar a

\begin{ali

Jot 075 ~rm m}} \\
j\cdot 10~ {-9}

-the direetieim,—ené has—t'G €onf
t the $D$-field is ppsitive.
re, again only-the magnitude.

;ider—t'he sighef‘tkfeendiesed— e'L. By this, we

Y rerea— -

o ol o s h  —— o ——_

S P " " NS R |

T PSP Rppe—_—

[ S ——

.. What is the magnitude of the magnetic field strength $H$ at $\rm (0.1 ~mm | 0)$ and $\rm
0.55 ~mm | 0)$?

’ath

LN T e AN

The magnitude of the magnetic field strength $H$ can be calculated by: $H =
{{1}\over{2 \pi\cdotr}} $

So, we get for $H_{\rm i}$ at $\rm (0.1 ~mm | 0)$, and $H_{\rm 0}$ at $\rm (0.55
~mm | 0)$:

\begin{align*} H {\rm i} &= {{I}\over{2 \pi\cdotr {\rmi}}} \\ &= {{+3.3 A}\over{2
\pi\cdot { 0.1 \cdot 10”{-3}~\rm m}}} \H_{\rm o} &= {{I}\over{2 \pi\cdot r_{\rm
0}}} \ &= {{+3.3 AY\over{2 \pi \cdot { 0.55 \cdot 10~ {-3}~\rm m}}} \\ \end{align*}

Hint: For the direction, one has to consider the right-hand rule. By this, we see that the
$H$-field on the right side points downwards.

Therefore, the sign of the $H$-field is negative.

But here, only the magnitude was questioned!
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Exercise E1 Lorentz Force
(written test, approx. 8 % of a 120-minute written test, S52024)

erdystatrtedsisimschhettaitdolth dintdmogeie ehartk Btomeldi b ifithehiibhe R g,
BM&Slmmﬁdoraewelcﬁo&petmﬂmnhawfmteaxﬂttwjmobﬂlaeshmhdmgsee image).

Result ,

N

>ath /kﬁ@( ~
¥ réklilin iTBradrhEddto be perpendicular to $B$-field and rlonductor the force

F\{a_ﬂto point to the left or the right.
Nﬁﬂfmm hampegeaers S BS foeted sonstag raraneiistoctneiddie [huttle" ), the

Lorentz forces cancel each other out
The ield.

In thi asM@EﬁFénsﬁdﬁ[gces results in a repulsing force, see injage.

Beside[poundary effects, The field gets also inhomogeneous, by the agditional field of

|
| S S

the coilf.

\ si

Fixed Floor

e current $1 = 1.6 ~\rm A%
o magnetlc fieid of the shuttie of is nomogeneous with $8=0.5 ~\rm

1. Calculate the magnitude of the resulting force on one coil!

Path

The Lorentz force on a conductor the length $I$ and the current $1$ in a $B$-field is

\begin{align*} |\vec{F}_{L}| &= I\cdot | \cdot B \cdot \cos(\angle \vec{B}, \vec{l}) \\
= | \cdot (N \cdot 2\pi r) \cdot B \cdot \cos(\angle \vec{B}, \vec{I}) \\ &= \rm 1.6 ~A

\cdot (500 \cdot 2\pi 40\cdot 10"~ {-3}~m) \cdot 0.5 ~T \cdot \cos 90° \end{align*}
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Exercise E1 Magnetic Potential
(written test, approx. 8 % of a 120-minute written test, S52024)

Calculate the magnetic potential difference $V_\rm m$ for the following paths as shown by
the solid lines.
Dotted lines are only for there for symmetry aspects!

The wires conduct the following currents:

e $|I_1|=2 ~\rm A$
e $|I_2|=5 ~\rm A%
e $|_3|=11 ~\rm A$
e $|I 4|=7 ~\rm A$

Pay attention to the signs of the currents (given by the diagrams) and of the results!

LE

Result

Based on the right-hand rule and the part of a full revolution the following results:
1. Task: $+1.1-1 2 =-3 ~\rm A$
2. Task: $+{{1}\over{4}} I3 = 11/4 ~\rm A$ (it does not matter which way the
path goes from the startpoint to the endpoint, as long as it has the same
direction and number of revolutions)

3. Task: $-{{1}Hover{4}} 11 =-0.5 ~\rm A$

4. Task: $+2\cdot | 2 -1\cdot| 3 =-1 ~\rm A$
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Exercise E1 Self-Induction
(written test, approx. 8 % of a 120-minute written test, S52024)

2. dodteribhiad éhgtimdd &30 ve\tegenrstardairadius @R chiangermsduaise$00$ turns.
ResWlirrent through the coil changes linearly from $0$ to $3 ~\rm A$ in $0.02 ~\rm ms$.
Ehfharrangement is located in air ($\mu_{\rm r}=13$).
a
>\mu_0= 4\pi \cdot 10™{-7} ~\rm Vs/Am$
$ U F\im32ndYrm FABIE ~\rm V$

.. Calculate the (self-)inductance of the coil.
For the linear change of the current the formula of the induced voltage can also be

linearized: \begin{align*} u_{\rm ind} &= - L\cdot {{ {\rm d} i Nover{ {\rmd} t}} \\
athg\rightarrow - L \cdot {{ {\Delta} i }\over{ {\Delta} t }} \\ &= - 1.32 \cdot 10~{-3}
\cdot {{3 A}\over{0.02 \cdot 10"~ {-3} s}} \end{align*}

The formula for the induction of a long coil is: \begin{align*} L &= \mu_0 \mu_{\rm r}
\cdot N~2 \cdot {{A}\over{I}} \\ &= 4\pi \cdot 10~ {-7} {~\rm Vs/Am} \cdot (500)"2
\cdot {{\pi \cdot (2\cdot 10" {-2} ~\rm m)~2}\over{ 2 \cdot 10~ {-2} ~\rm m}} \\
\end{align*}

Exercise E10 Magnetic Circuit
(written test, approx. 9 % of a 120-minute written test, $52024)

3. t0adidid teotied et tiprEisiaic®B Hir eangceoss-sectional area of $A=300 ~\rm mm~™2$
Beguh average circumference of $1=3 ~\rm dms.

Path

$WHI\r6m 8 =\0nB&¢hicuet 107 {6} \rm {{1Hover{H}} $

Firstforerhdaetdhainadgheticees st saypegio {aligyd Rasddomth&sources:
\oieigirchasiiviu- Otiveita i 5} - {Ehieydr fAThates 2 {\Ehetavarga \citbetd) T MR}
St €iés Mo i dira 12 3 \thad 9D G ={ { 31 \wobbt 10 1 {+11} 2\crotri\@var 83@datdot3 \\
O &6 1 200Machct 2} } YWASH= IB88AEO 3 ~A \c2inb 1adof @} 3rA X\ {&F\eb@r{jehti{align*}

\end{align*}
To get the flux $\Phi$, the Hopkinson's Law can be applied - similar to the Ohm's Law:

\begin{align*} \Phi &= {{\theta_{\rm R} Nover {R_ {\rm m}}} \\ &= {{-60~\rm A
Hover { 0.884 \cdot 10"~ {6} \rm {{1}\over{H}} }} \\ &= 67.8 ... \cdot 10~ {-6} { \rm
A\cdot H} \\ &= 67.8 ... ~\rm \mu Wb \\ &= 67.8 ... ~\rm \mu Vs \\ \end{align*}
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On the core, there are three coils with:

e Coil 1: $N_1 = 1200%, $1_ 1=100 ~\rm mA$
e Coil 2: $N_ 2 =33 %, $| 2= 3 ~\rm A$
e Coil 3: $N_3 =270 $, $1 3=0.3 ~\rm A$

Refer to the drawing for the direction of the windings, current, and flux!

1. Draw the equivalent magnetic circuit that fully represents the setup.
Name all the necessary magnetic resistances, fluxes, and voltages.

Result

¢ Since the material, and diameter of the core is constant, one can directly
simplify the magnetic resistor into a single $R \rm ms$.

e For the orientation of the magnetic voltages $\theta 1$, $\theta 2$, and
$\theta 3$, the orientation of the coils and the direction of the current has to be
taken into account by the right-hand rule.

e There is only one flux $\Phi$

e The magnetic voltages are antiparallel to the flux for sources and parallel for the
load.
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$S$\...

_

oW

Exercise E12 Magnetic Circuit
(written test, approx. 10 % of a 120-minute written test, S52024)

3. i it orebiea ibe MempenEh 5 Soe ttegiie gy equhatient pefies edpintaine
firtdiisithe eqliagdent beeidddaldcapanity $C% in the shown circuit?

’ath
$U C =100 éérm V‘%
e $f\u IT{ZY i RLE2$ = 83.0 ~\rm m \Omega$
* s\anpeiimeiay FRLCHT )| = 20.0 ~\rm m \Cimegas

The formula for the resonance frequency $f r$ is: \begin{align*} f r &=

Thhe MeNeeE2pi thgrided \epack: iF fhe\bur vodiaggrey1tee ddt-factqrincreasagHy
\begtmimliemss 14802 Y A s cpot QA\Fe=78a{\rms4 Mpet\sard (Elighever{C}}
} \cdot {{1H\over{R}}\ &= 5 {~\rm V} \cdot \sqrt{ {{ 1.6 \cdot 10™{-9} {~\rm H}

TFrevenpadaadeat 0esp8gn e isnplifely}tha casts{didaover{0.020~\Omega} }\\ &= 100
~\rm V \end{align*}
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A given capacitor shall have the following values:

e $C=10 ~\rm nF$
e $R=20 ~\rm m\Omega$
e $L.=1.6 ~\rm nH$

1. What is the impedance $Z_{RLC}$ of this real capacitor for $f 0=44 ~\rm MHz$? (Phase
and magnitude)

Path

The impedance is based on the resistance $R$ and the reactance $X_{LC}= {\rm
jF\cdot (X L - X _C)$: \begin{align*} \underline{Z} {RLC} &= R + {\rm j}\cdot (X L -
X_C)\\ &= R + {\rm j}H\cdot (\omega L - {{1}\over{\omega C}}) \\ &= R + {\rm j}\cdot
(2\pi f\cdot L - {{1}\over{2\pi f \cdot C}}) \\ \end{align*}

The reactive part is \begin{align*} X_{LC} &= 2\pi f\cdot L - {{1}\over{2\pi f \cdot
C}} \\ &= 2\pi 44 \cdot 10" {6} {~\rm MHz} \cdot 1.6 \cdot 10™{-9} {~\rm H} -
{{1}\over{2\pi\cdot 10"~ {6} {~\rm MHz} \cdot 10 \cdot 10"~ {-9} {~\rm F}}} \\ &=
+0.08062... ~\Omega \\ \end{align*}

To get the magnitude of the impedance $|\underline{Z} {RLC}|$ one can use the
Pythagorean Theorem: \begin{align*} |\underline{Z} {RLC}| &= \sqrt{R"2 +

X {LC}"2} \\ &=\sqrt{(0.020~\Omega)~2 + ( 0.08062... ~\Omega )~2} \\ &= 0.0830
... ~\Omega \\ \end{align*}

For the phase $\varphi$ the $\arctan$ can be applied: \begin{align*} \varphi &=
\arctan \left( {{X_{LC}Hover{R}} \right) \\ &= \arctan \left( {{0.08062...
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~\Omega}\over{0.020 ~\Omega}} \right) \\ &= 1.3276 ... \hat{=} +76° \\

\end{alig

n*}

Exercise E1 Magnetic Circuit
(written test, approx. 10 % of a 120-minute written test, SS2024)

2. dyahrukirécthad el povedrt ihecapipase mh pow és,dmce thw itbax 1§28 @ ovven df EHes Aldtor\rm VS /
Bsgult\rm Hz$ three-phase power net. Each single string has a resistor $R=5 ~\Omega$ and
an inductance of $L=10 ~\rm mH$.

Path

L1e—s

o ftivel@dinefZ} {RL}| = 5.90 ~\Omega$

L%emmbﬁen by \begif{align*} S &= 3 \cdot U_s \cdot | s\\ &= 3

\$¢_{.{.U_ " _ =
L} \P JLIAEHEDBOWEFm kVA \\ \end{align
$Q*14.310~\rm kVAr$

The activ

0.846AprarenkPoWeS= 22.775...
$5%26.898~\rm kVA$
The reactjve power is \begin{alig

~\rm kVA

e power is \begin{align*} P

)"~2 - (22.775...

~\rm V)~2}\over{ 5.90 ~\Omega

cos \varphi \\ &= 26.898... \cdot
d{align*}

[S72-P72} \\ &= \sqrt{ (26.898...

W2} \\ &= 14{310...~\rm kVAr \\ \end{align*}

1. Calculate the $\cos \varphi$, and the magnitude of the impedance $|Z|$ for a single string.

Path

The phase $\varphi$ is given by: \begin{align*} \varphi &= \arctan \left(
{{X_{L}}H\over{R}} \right) \\ &= \arctan \left( {{2\pi \cdot f \cdot L}\over{R}} \right) \\
&= \arctan \left( {{2\pi \cdot 50 {~\rm Hz} \cdot 10 \cdot 10" {-3} {~\rm H}}over{5
~\Omega}} \right) \\ &= 0.5609 ... \hat{=} +32°\\ \end{align*}

With this, the $\cos \varphi$ becomes \begin{align*} \cos \varphi &= \c0s(0.5609 ...) \\

&= 0.846

73..\\ \end{align*}
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The impedance is given by: \begin{align*} |\underline{Z} {RL}| &= \sqrt{X {L}"2 +
R™2} \\ &= \sqrt{( 2\pi \cdot f\cdot L )~2 + R™2} \\ &= \sqrt{( 2\pi \cdot 50 {~\rm
Hz} \cdot 10 \cdot 10"~ {-3} {~\rm H})"2 +(5 ~\Omega)”~2} \\ &= 5.905... ~\Omega\\
\end{align*}
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